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Abstrat
We formulate the double exhange (DE) model for systems with t2g orbital
degeneray, relevant for hole-doped ubi vanadates. In the relevant regime
of strong on-site Coulomb repulsion U we solve the model using two distint
mean-eld approximations: Hartree-Fok, and mean-eld applied to the for-
mulation of the model in the Kotliar-Rukenstein slave boson represenation.
We show how, due to the relative weakness of the DE mehanism via t2g
degenerate orbitals, the anisotropi C-type antiferromagneti metalli phase
and the orbital liquid state an be stabilized. This is ontrasted with the DE
mehanism via eg degenerate orbitals whih stabilizes the ferromagneti order
in the hole-doped regime of manganites. The obtained results are in strik-
ing agreement with the observed magneti strutures and the ollapse of the
orbital order in the doped La1−xSrxVO3, Pr1−xCaxVO3 and Nd1−xSrxVO3.
1 Introdution
Reently orbital degrees of freedom in the strongly orrelated eletron systems have
attrated muh attention [1℄ due to their ruial role in the stability of the various
magneti phases in the Mott insulators [2℄ or in the partial explanation of the
Mott metal-insulator transition itself [3℄. Typial examples of suh systems are
the transition-metal oxides with partly lled eg or t2g degenerate orbitals. The
remarkable feature of these oxides is the large on-site Coulomb repulsion U ≫ t, with
t being the eetive eletron hopping. In ase of the stoihiometri (undoped) oxides
the Coulomb repulsion between eletrons supresses harge utuations and leads to
the eetive low-energy ∝ J=4t2/U superexhange (SE) interations between spin
and orbital degrees of freedom. In addition, the atomi Hund's interation JH ≪ U
aligns the spins of the eletrons oupying the degenerate and almost degenerate
orbitals on the same site and should be taken into aount in the realisti SE-type
models. Interestingly, it is the Hund's interation whih to large extent stabilizes
partiular spin (magneti) and orbital order. It should be stressed that though the
eg orbitals usually order as in e.g. LaMnO3 [2℄, it is rather not the ase of the
t2g orbitals whih an form a disordered quantum orbital liquid (OL) as in e.g.
1
LaVO3 [4℄. The dierent kinds of the orbital state are onomitant with various
anisotropi magneti phases suh as A-AF [ferromagneti (FM) planes staggered
antiferromagnetially (AF) in the other diretion℄ in LaMnO3 [2℄ or C-AF [FM
hains staggered AF in the other two diretions℄ in LaVO3 [4℄.
Doping with holes destroys the insulating state, modies the SE interation
and hene an also modify the magneti order and orbital state stabilized in the
undoped ase. In suh systems the motion of holes is strongly aeted by: (i)
intersite SE interation ∝ J , (ii) on-site Hund's interation ∝ JH , whih is aptured
by the Kondo-lattie model. In the realisti limit in the transition metal oxides
JH ≫ t≫ J this model redues to the double exhange model (DE) [5℄. However,
for the above disussed lass of the transition-metal oxides, orbital degeneray needs
also to be taken into aount in suh a model. This was done in the seminal work
of van den Brink and Khomskii [6℄ for eletrons with the eg degeneray, leading
to a naively ounterintuitive piture of the DE mehanism. One an thus pose a
question how the DE mehanism would be modied in the ase of the t2g orbital
degeneray, as the SE interations for the undoped oxides dier qualitatively for the
t2g and eg ases. Hene, in this paper we want to answer three questions: (i) what
is the nature of the magneti order stabilized by the DE mehanism for orrelated
eletrons with t2g orbital degeneray, (ii) what is the nature of the orbital order,
and (iii) how do these results dier from the eg and the nondegenerate ase.
The paper is organized as follows. In the following hapter we introdue the
DE Hamiltonian with t2g orbital degrees of freedom. Then we solve the model
using two dierent mean-eld approximations and we show that the metalli state
oexists with the C-AF order and OL state for the broad range of hole-doping.
Next we disuss the results, i.e.: the validity of the approximations, the generi role
of the t2g orbitals in the stability of the above phases, the physial relevane of the
model by omparison with the experiment. The paper is onluded by stressing:
the distint features of the DE mehanism via eg and via t2g degenerate orbitals,
and the ruial role of the Coulomb repulsion U .
2 Realisti double exhange Hamiltonian
We start with the realisti semilassial DE Hamiltonian with t2g orbital degrees of
freedom, relevant for the hole-doped ubi vanadates [7℄:
HDE = −uy
∑
i,j‖yˆ
a˜†i a˜j −
∑
i,j‖zˆ
a˜†i a˜j − ux
∑
i,j‖xˆ
b˜†i b˜j −
∑
i,j‖zˆ
b˜†i b˜j + J
∑
〈ij〉‖xˆ,yˆ
Si · Sj . (1)
where: the hopping amplitude t=1; the restrited fermion reation operators a˜†i =
a†i (1 − b
†
ibi), b˜
†
i = b
†
i (1 − a
†
iai), where a
†
i (b
†
i ) reates a spinless eletron at site i in
yz(zx) orbital; and Si are ore spin S = 1/2 operators of t2g eletrons in oupied
xy orbitals. We introdue the ux and uy variational parameters to be dened later.
The Hamiltonian has the following features: (i) the rst four terms desribe the
kineti energy of the eletrons in the degenerate yz and zx orbitals whih an hop
only in the allowed (yˆ, zˆ) or (xˆ, zˆ) plane to the nearest neighbour (nn) site i providing
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there are no other eletrons at site i in these orbitals (U =∞ assumed impliitly),
(ii) the last term desribes the AF oupling between ore spins at nn sites in the
(xˆ, yˆ) plane due to the SE interation originating from the eletrons in the always
oupied xy orbitals (nxy = 1 during doping), (iii) the SE interations due to the
itinerant eletrons in yz and zx orbitals are negleted.
The variational parameters are dened as ux = cos(θx/2) and uy = cos(θy/2),
where θx (θy) is the relative angle between ore spins in the xˆ (yˆ) diretion. This
follows from the Hund's rule whih aligns the spins of the itinerant eletrons with
the ore spins and whih is not expliitly written in Eq. (1) but enters via ux and
uy parameters. Then the last term of Eq. (1) an be written as:
ESE = J
∑
〈ij〉‖xˆ,yˆ
Si · Sj =
J
2
L3(u2x+u
2
y−1), (2)
where L3 is the number of sites in the rystal. Eq.(1) together with Eq. (2) shows the
ompetition between the DE mehanism allowing for the hopping in the underlying
FM bakground with the SE interation supporting the AF order.
3 Numerial results
The ground state of Eq. (1) was found using two distint mean-eld approximations:
Hartree-Fok, and mean-eld applied to the formulation of the model Eq. (1) in
the Kotliar-Rukenstein slave boson representation [8℄.
3.1 Hartree-Fok approximation (HFA)
To failitate the treatment of the hole doped eletroni systems we enlarge the
original Fok spae, whih is relevant for the Hamiltonian Eq. (1), by adding a
boson reation (annhilation) operator e†i (ei), whih reates (annihilates) a harged
hole. Then, in order to get rid of the nonphysial states in the enlarged Fok spae
we need a loal onstraint:
∀i a
†
iai + b
†
ibi + e
†
iei = 1. (3)
Note that the boson ontrolling double oupanies is not introdued sine suh
ongurations are forbidden for U =∞. In order to solve Eq. (1) with the onstraint
Eq. (3) in a simple way, we introdue mean-eld approximation for the above
onstraint and replae the following ombination of fermion operators by averages:
∀i b
†
ibi → 〈b
†
ibi〉 =: δ and 0 ≤ δ ≤ 1, (4)
∀i a
†
iai → 〈a
†
iai〉 = 1− x− δ and 0 ≤ δ + x ≤ 1, (5)
where in Eq. (5) we use onstraint Eq. (3), where 〈e†iei〉 = x and x is the number of
doped holes per site. Besides, the inequalities in Eq. (4) and (5) follow from the fat
that we are disussing the hole-doping regime, i.e. with not more than one itinerant
3
Figure 1: Results of the minimisation of Eq. (7) (with the onstraint Eq. (9)): (a)
Magneti phase diagram at T = 0. Under inreasing hole doping x, the C-AF order
hanges via the anted Ca** phase, with spins anted on two bonds, to a homogenous FM
phase. The grey horizontal line depits the realisti value of SE J = 0.18 in LaVO3; (b)
Competing: orrelated kineti energy (Ekinetic), and magneti energy (ESE) as a funtion
of hole doping x for the xed value of SE J = 0.18. Kineti energy for unorrelated
eletrons (Eband) and the total energy of the system (Etotal) is also shown.
eletron per site. We all this mean-eld approximation an HFA approximation
sine it is equivalent to deoupling the interation term in an HFA way:
(U−3JH) a
†
iaib
†
i bi ≃ (U−3JH)
(
〈a†iai〉b
†
ibi+a
†
iai〈b
†
i bi〉−〈aia
†
i 〉〈b
†
ibi〉
)
, (6)
and then making the U →∞ limit [where U−3JH is the energy of the t
2
2g high spin
state℄. Note that the above used HFA does not allow for the alternating orbital (AO)
order but we do not expet suh an order to persist during doping. This is beause
the kineti energy of the eletrons in the AO is rigorously zero for U =∞ and the
vanishing hopping between dierent orbitals [9℄. Then HDE an be diagonalized
and the total energy of the system in the mean-eld approximation is:
EHFA/L=(1−δ)
2
∑
(ky ,kz)∈
SF (uy,1−x−δ)
E(ky, kz ;uy)+(x+δ)
2
∑
(kx,kz)∈
SF (ux,δ)
E(kx, kz ;ux) + ESE (7)
where the kineti energy renormalizing fators follow from the HFA. The sums go
over the mesh of k's belonging to the Fermi volume SF whih "aommodates"
1− x− δ or δ eletrons per site (respetively) and whose shape depends also on the
band dispersion relations for the tight-binding model renormalized by the underlying
magneti order:
E(ky , kz;uy)=−2(uy cos ky+coskz) and E(kx, kz ;ux)=−2(ux cos kx+coskz). (8)
Sine we are alulating separately the energies of the yz and zx bands we need an
additional onstraint for the Fermi levels EF as the two bands ll up gradually:
EF (1− x− δ, uy) = EF (δ, ux). (9)
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For xed values of SE J and hole doping x we minimise numerially the to-
tal energy Eq. (7) (with the onstraint Eq. (9)) with respet to the ux and uy
variational parameters, whih determine the magneti struture. The resulting
magneti phase diagram at T = 0 is shown in Fig. 1(a). In Fig. 1(b) we show the
ompeting kineti and magneti (SE) energies as a funtion of hole doping x for
the realisti value of SE J = 0.18 and obtained in the minimum of the total energy.
Let us also note that for all of the disussed values of J and x it was found that
δmin = 〈c†i ci〉 = 〈d
†
idi〉 = (1 − x)/2, i.e. the number of eletrons in both orbitals is
the same and the ferrorbital order (FO) is not stabilized.
3.2 Kotliar-Rukenstein slave boson approah (KRA)
We rewrite the Hamiltonian Eq. (1) using Kotliar-Rukenstein slave boson represen-
tation [8℄ adopted to the orbital ase. So we enlarge the Fok spae by introduing
three auxiliary boson elds and deouple the eletron reation operator a†i (b
†
i ) into
a fermion reation operator f †i (g
†
i ) arrying the orbital degree of freedom (orbital
avour), a boson reation operator p†i (q
†
i ), and a boson annihilation operator ei
arrying the harge degree of freedom (i.e. e†i reates a harged hole):
a†i = f
†
i z
†
i , b
†
i = g
†
i y
†
i , (10)
where
z†i :=
p†iei√
(1− e†ei−q
†
i qi)(1−p
†
ipi)
, and y†i :=
q†i ei√
(1− e†ei−p
†
ipi)(1−q
†
i qi)
. (11)
Applying this to the Hamiltonian HDE we get:
HDE =− uy
∑
i,j‖yˆ
f †i fjz
†
i zj −
∑
i,j‖zˆ
f †i fjz
†
i zj + ESE
− ux
∑
i,j‖xˆ
g†i gjy
†
i yj −
∑
i,j‖zˆ
g†i gjy
†
i yj , (12)
where we also need onstraints to get rid of the nonphysial states in the enlarged
Fok spae:
∀i p
†
ipi+q
†
i qi + e
†
iei = 1, ∀i p
†
ipi = f
†
i fi and ∀i q
†
i qi = g
†
i gi. (13)
Next we introdue mean-eld approximation:
∀i z
†
i zi → 〈z
†
i zi〉 =
〈p†ieie
†
ipi〉
〈1 − e†ei − q
†
i qi〉〈1− p
†
ipi〉
=
x
xa
,
∀i y
†
i yi → 〈y
†
i yi〉 =
〈q†i eie
†
iqi〉
〈1− e†ei − p
†
ipi〉〈1 − q
†
i qi〉
=
x
xb
, (14)
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Figure 2: Results of the minimisation of Eq. (15) (with the onstraint Eq. (9)): (a)
Magneti phase diagram at T = 0. Under inreasing hole doping x, the C-AF order
hanges via the anted Ca** phase, with spins anted on two bonds, to a homogenous
FM phase. The grey horizontal line depits the realisti value of SE J = 0.18 in LaVO3.
Note that for x = 0 the obtained magneti order onsists of deoupled AF (xˆ, yˆ) planes
[after Ref. [7℄℄; (b) Competing: orrelated kineti energy (E
kineti
), and magneti energy
(E
SE
) as a funtion of hole doping x for the xed value of SE J = 0.18. Kineti energy for
unorrelated eletrons (E
band
) and the total energy of the system (E
total
) is also shown.
where we use Eq. (13) and introdue: 〈1 − p†ipi〉 = xa the mean number of holes
per site in orbital yz, 〈1 − q†i qi〉 = xb the mean number of holes per site in orbital
zx, and 〈e†iei〉 = x the mean number of holes per site. Furthermore, introduing
parameter δ dened in the same manner as in Eq. (4-5) yields xa = x + δ and
xb = 1− δ. Then the total energy of the system in the mean-eld approximation is:
EKRA/L =
x
x+ δ
∑
(ky,kz)∈
SF (uy,1−x−δ)
E(ky, kz ;uy) +
x
1− δ
∑
(kx,kz)∈
SF (ux,δ)
E(kx, kz;ux) + ESE, (15)
where the eletroni bands are dened in the same manner as in Eq. (8) and the
onstraint Eq. (9) also holds.
As in the HFA we dedue the resulting magneti strutures by minimising the
total energy Eq. (15) with the onstraint Eq. (9). The resulting magneti phases
are shown in Fig. 2(a) and the ompeting energies at xed SE J as a funtion of hole
doping x are shown in Fig. 2(b). We should also stress that the number of eletrons
in both orbitals does not hange during doping and is equal to δmin = (1 − x)/2.
Hene, the kineti energy renormalizing fators are equal to 2x/(x + 1), the well-
known Gutzwiller fators.
4 Disussion of the results
4.1 Why Hartree-Fok approximation fails
Let us rst disuss the validity of the two mean-eld approximations. For the HFA
we infer that for small doping (x → 0) the orrelated kineti energy (E
kineti
in
6
Fig. 1(b)) does not tend to zero and instead equals 1/4 of the unorrelated kineti
energy for x = 0. This is a remnant of the fat that in the HFA the probability
for existene of the hole at eah site is equal to 25%. Thus, we onlude that the
ongurations with double oupanies are not suppressed and that HFA fails, at
least in the low hole doping regime. The reason why we annot use HFA, unlike in
e.g. the undoped antiferromagnet, is that the orbital state, whih is favoured here
by the DE mehanism, is not an ordered state. If we were to get the FO or AO
state, HFA would give physially relevant results.
4.2 Stability of the C-AF: generi role of the degenerate t2g
orbitals
We onentrate on the results obtained within KRA whih give the (qualitatively)
right value of the orrelated kineti energy of the Hamiltonian Eq. (1), f. Fig. 2(b).
The C-AF order and a onomitant one-dimensional (1D) metalli state is stable for
a broad range of the phase diagram parameters, in partiular for the realisti value
of SE J = 0.18 and 0 < x < 0.28 hole doping. This means that the DE mehanism
does not win in the (xˆ, yˆ) planes, where the SE mehanism takes over. The rst
explanation of this phenomenon would be to asribe the role of the driving fore for
the stability of the C-AF order to the Coulomb repulsion U : the orrelated kineti
energy (E
kineti
in Fig. 2(b)) is muh smaller than the bare band energy (E
band
in Fig. 1(b)) and hene the possible kineti energy gain in the homogeneous FM
state is muh smaller in the orrelated regime than in the onventional free eletron
regime. However, for hole-doped manganites U , JH and t are of the same order as
for hole-doped vanadates [10℄. But in the manganites for x > 0.18 hole doping the
homogeneous FM order, onomitant with the metalli state, is stabilized mainly
due to the DE mehanism [11℄! The only dierene is that in the manganites the
itinerant eletrons hop between degenerate eg orbitals and in the vanadates between
degenerate t2g orbitals. Besides, the AF interation between ore spins is truely
three-dimensional in manganites and not two-dimensional (2D) as it is the ase of
our model. Thus the relative weakness of the DE mehanism in the Hamiltonian
Eq. (1) an be attributed to the spei features of the t2g eletrons: the stritly
2D and stritly avor onserving hopping between these degenerate orbitals [7℄.
This generi role of the t2g orbitals in the stability of the C-AF order is threefold:
(i) The AF SE interations are rigorously 2D beause for xy eletrons the virtual
hopping proesses leading to the SE interations an happen only in the (xˆ, yˆ)
plane. Hene it makes possible: the hopping in the zˆ diretion without destrution
of the magneti order, and thus the gain of the kineti energy without any loss in
the magneti energy. Though this is rather a spei feature of our simplied SE
interations than of the DE mehanism itself it should be stressed that the physial
setting in whih we an have the DE via t2g degenerate orbitals is suh that the AF
ore spin interations are 2D.
(ii) The degeneray of the orbitals redues the orrelated kineti energy and
hene makes it energetially unfavourable to get homogenous FM order. Cf. Fig.
2(a) of Ref. [7℄ where for the system without orbital degeneray with holes doped
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only into zx orbital, i.e. with the Hamiltonian:
Hzx = −ux
∑
i,j‖xˆ
d†idj −
∑
i,j‖zˆ
b†ibj +
J
2
L3(u2x + u
2
y − 1), (16)
we obtain that for the realisti value of J = 0.18 the FM order is already stable
for hole doping x > 0.1. Note that this omparison is valid only if the degenerate
orbitals are in the OL state whih indeed is the ase, f. disussion below.
(iii) Sine eah of the t2g orbitals has a dierent inative axis [i.e. the ubi
diretion in whih the eletrons annot hop℄ this means that if one of these orbitals
is "engaged" in the AF SE interations [f. (i)℄ than the other two orbitals have
one ative axis in the diretion perpendiular to the plane with AF bonds. Hene,
hopping in the zˆ diretion, assumed in point (i), is indeed possible.
4.3 Stability of the orbital liquid
The orbital state whih is onomitant with the obtained magneti phases is the
OL sine: (i) we obtained xa = xb for all of the magneti phases, (ii) xa = xb ⇒
〈T zi 〉 := 〈p
†
ipi〉−〈q
†
i qi〉= 0 where T
z
i is the z omponent of the pseudospin orbital
operator [9℄, (iii) 〈a†ibi〉= 〈b
†
iai〉=0 ⇒ 〈T
x
i 〉= 〈T
y
i 〉=0 for the x and y omponents
of the pseudospin orbital operator [9℄. The reason why none of the ordered state are
realized in nature is twofold. Firstly, as already desribed, the AO state prohibits
hopping due to the vanishing hopping integrals between dierent orbitals. This
mimis the onnement of holes in the Neel AF, but stays in ontrast with the
behaviour of the eg orbitals. Thus we annot gain any kineti energy upon doping
and this state is unphysial. Seondly, the FO state is also unphysial. A priori,
due to the Pauli Priniple the eletrons in the polarized state an better avoid
eah other than in the unpolarized one. Hene the orrelated kineti energy of
the FO state is enhaned in omparison with the OL, f. Fig. 8 (with γ = 0) of
Ref. [9℄. Though, the ondition of the equilibrium for the whole system yields that
the hemial potentials (Fermi energies) of the two fermioni subsystems (one with
eletrons in yz orbitals and the other one in zx orbitals) should be equal. For the
FO state to be realized in nature it means that the DE mehanism should raise the
bottom of one band so that the eletrons an pour into the other one. However, the
DE is too weak in our system and this does not happen.
4.4 Physial relevane of the model: omparison with the
experiment
As already pointed out our model desribes the physis present in the hole-doped
ubi vanadates suh as La1−xSrxVO3 where the following phases were observed
experimentally upon hanging the hole doping x in T → 0: C-AF, AO and insulating
one for x < 0.178 hole onentration, C-AF and metalli one for 0.178 < x < 0.26,
and paramagneti and metalli one for 0.26 < x < 0.327 [12℄. Rather similar phases
were observed experimentally in Pr1−xCaxVO3 and Nd1−xSrxVO3 [12℄. Hene our
results stay in well agreement with the experiment, as we did not expet to explain
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by our model Eq. (1) the lling ontrol metal-insulator transition present in the
system, but merely the oexistene of the metalli phase, the OL state and the C-
AF magneti order in the above mentioned doping range. However, let us note that
inluding the SE interations between the itinerant eletrons would stabilize the 1D
OL in the zˆ diretion and AO in the (xˆ, yˆ) plane [4℄. Thus, if we inluded the realisti
SE in the Hamiltonian Eq. (1) we would get the insulating behaviour for nite hole
doping due to the AO order in the plane whih would at as a string potential
for holes moving in the zˆ diretion. This suggests that further investigation of the
even more realisti DE model with t2g orbital degrees of freedom and SE interations
between itinerant eletrons would not only unover some new interesting physis but
also ould explain the experimentally observed phases in the doped ubi vanadates.
5 Summary
In summary, we have shown the distint features of the double exhange via t2g
degenerate orbitals. These features, attributed to the t2g orbital degeneray, are
the following:
(i) Similar to the eletron-doped eg degenerate orbitals [6℄ the orbital degeneray
naturally allows for the oexistene of the anisotropi magneti phases and the
metalli phase. This is a generi feature of the DE mehanism via degenerate
orbitals.
(ii) In ontrast with the hole-doped eg ase [11℄ the homogenous FM order is not
stable for large range of doping in the disussed here hole-doped regime of t2g ase.
This is due to the dierent geometry of the t2g orbitals ausing the hopping being
stritly 2D and stritly avour onserving, hene weakening the DE mehanism.
(iii) Upon hole-doping the orbitals form the OL state due to the weakness of
the DE mehanism. Hene, they do not order as it is typial for the eletron-doped
eg systems [6℄. However, it should be stressed that the type of the orbital state for
hole-doped eg systems is still under disussion [9℄.
Besides, the orrelated behaviour of the itinerant eletrons plays a ruial role
in the stability of the obtained magneti and orbital phases. This is espeially
dramati in the orbital setor, where the orbitals form the orbital liquid and the
HFA [suitable either for weakly interating eletrons or for the ordered states℄ fails
qualitatively in giving the right values of the kineti energy. Altogether these are
striking results whih an serve as a basis for further investigation of the orrelated
phenomena in hole-doped systems with t2g orbital degeneray.
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